ON THE TENSOR DEGREE OF FINITE GROUPS 
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Abstract. We study the number of elements x and y of a finite group G such 
that x®y = 1 G ^ G in the nonabelian tensor square G® G of G. This number, 
divided by |G[ 2 , is called the tensor degree of G and has connection with the 
exterior degree, introduced few years ago in [P. Niroomand and R. Rezaei, 
On the exterior degree of finite groups, Comm. Algebra 39 (2011), 335-343]. 
The analysis of upper and lower bounds of the tensor degree allows us to find 
interesting structural restrictions for the whole group. 



1. COMMUTATIVITY, EXTERIOR AND TENSOR DEGREES 

In the present paper all the groups are supposed to be finite. Brown and others 
[4] wrote an influential contribution on a generalization of the usual abelian ten- 
sor product of abelian groups. Following their terminology, the nonabelian tensor 
product G Cg) H of two groups G and H is the group generated by the symbols g ® h 
with defining relations xy®h = (y x ® h x )(x (g> h) and x (g> hk = (x (g> h)(x h ® k h ) for 
all x, y € G and h,k £ H (as usual, y x — x~ 1 yx). In case G = H and all actions are 
by conjugation, G ® G is called the nonabelian tensor square of G. [H Propositions 
1,2,3] describe the main calculus rules in G (g> H, which are: 

(1.1) (x-^hf = (xfgih)- 1 = (xtEth- 1 )* 1 ; (y<E)k) xh (x<E>h) = (x ® h)(y <g> k) hx ; 
y ® (h x h^ v ) = {x® h) y (x <g) h)' 1 ; (a;(a;~ 1 ) /l ) <g> y = (x <g> h)((x ® hy v ) k ; 

(y®k) {xm) = {y®k) [x > h] ; [x®h,y®k] = (x^- 1 )^^ k' 1 ). 

They allow us to conclude that 

k : x (g> y e 67 ® G >-> k(x (g) y) = [x, $/] e G" 

is an epimorphism of groups such that ker k — J2(G) is a central subgroup of G®G. 
Furthermore, V(G) = (x ® x \ x 6 G) C J2(G) and J2(G) is important from the 
point of view of the algebraic topology (see [4]). Defining £/ie nonabelian exterior 
square G AG = (G®G)/V(G) = ((a; <g> y)V(G) x, y £ G) = (x A y | x, y £ G) of 
G, we can see easily that 

k' : x A y £ G A G k'(x A y) = [x, y] 6 G' 

is an epimorphism of groups such that kerAc' = M(G) — i?2(G, Z) is the Schur 
multiplier of G, that is, the second integral homology group of G. The following 
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diagram involves the third integral homology group of G and the Whitehead functor 
r. It has exact rows and central extensions as columns (see [4] for details). 





H 3 (G) ► r(G/G") > J 2 (G) ► H 2 {G) > 



(1.2) H 3 (G) ► T(G/G') > G®G ► GAG ► 1 



a 



G' 



1 1 

The exterior centralizer of x G G is the set 

C£(x) = {aeG | aAi = l CAG }, 

which turns out to be a subgroup of G (see [12]), and the exterior center of G is 
the set 

Z A (G) = {geG\ l GAG =gAyeGAG,VyeG}= f| C&(x) 

x£G 

which is a subgroup of the center Z(G) of G (see [12]). We mention that the interest 
in studying Cq(x) and Z A (G) is due to the fact that they allow us to decide whether 
G is a capable group or not, that is, whether G is isomorphic to E/Z(E) for some 
group E or not. In analogy, we may consider the tensor centralizer 

C®(x) = {aeG | a®x = l G(SG }, 

of x € G and it turns out to be a subgroup of G (see [3l Theorem 3.1]), and the 

tensor center 

Z®{G) = {geG\ l G0G =g®y£G®G,VyeG}= f)C®(x), 

xeG 

which is a subgroup of Z(G) (see [31 Corollary 3.3]). 

A combinatorial approach, in order to measure how far we are from Z A (G), has 
been investigated in [13) . introducing the exterior degree of G 

k(G) 

d A (G) 



\{(x,y)eGxG\xAy=l GAG }\ 



|G| 2 



\G\ £i \C G { Xi )[ 



where k(G) is the number of conjugacy classes of G and the second equality is [T31 
Lemma 2.2]. It is in fact clear that d h (G) = 1 if and only if G = Z A (G) so that 
the exterior degree represents the probability that two random chosen elements 
commute with respect to the operator A. On the other hand, d A (G) has been 
connected with the commutativity degree 



d(G) = 



\{(x,y) € G x G | [x,y] = l}\ 
|GP 



k(G) 

■ J2 \Oa(xi)\ 



\G\ 2 f-f 

1 1 I — 1 
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of G, studied by Gustafson and others [6J [3 [9j [101 HU US]. The reader may refer 
also to [H] for recent studies on the topic. Of course, d(G) = 1 if and only if G 
is abelian. On the other hand, among groups with exterior degree equal to 1, we 
find all cyclic groups, but not necessarily all abelian groups (see [HEBE!]). Then, 
roughly speaking, d A (G) gives a measure of how far is G from being cyclic. It is 
interesting to note that 

d A (G) < d{G), 

by [131 Theorem 2.3]. Here we introduce the tensor degree 

d (G) - ^ , 

evaluating the distance of G from being equal to Z®(G), since d®{G) = 1 if and 
only if Z®(G) = G. On the other hand, one may easily check that d®(G) = 1 if 
and only if G is trivial, by using [5j Proposition 18]. 

We note that there are several examples of abelian groups with exterior degree 
different from 1 and here we show, not only examples of abelian groups with tensor 
degree different from 1, but also examples of abelian groups with different values 
of tensor and exterior degrees. In fact, the study of d®(G) will present a new 
perspective of investigation of specific subclasses of nilpotent groups. We will prove 
restrictions on d®{G) of numerical nature, which will influence the structure of G, 
and relations among d®(G), <i A (G) and d(G). 

2. Fundamental inequalities for the tensor degree 
In a group G, C G {x) and Cq{x) are normal subgroups of Cg{x) (see [3l 112] ~). 
Lemma 2.1. Let x be an element of a group G. Then 

\C G (x):C§(x)\<\J 2 (G)\. 
Furthermore, \C G (x) : C§(x)\ < \M(G)\ |V(G)|. 
Proof. The map 

<p : yC®{x) e C G (x)/C$(x) ^y®xeJ 2 (G) 

satisfies the condition ip(abCQ(x)) = ab® x — {a® x) h (b ® x) — (a ® x) (b®.x) — 
</?(aC®(x)) <p(bC®(x)) for all a, b € Cg{x), where (|1.1|) have been applied. Further- 
more, kertys = {yGg(x) \ y ® x — Iq®g} — Cq(x). Then ip is a monomorphism 
and \Cg{x) : C®(x)\ < \J 2 (G)\. On the other hand, we know from [4] that the 
map 7r : a <g> b £ J 2 {G) M> a A b G M(G) is an epimorphism of groups such that 
J 2 {G)/ kcrvr = J 2 (G)/V(G) ~ M(G). Thus \C G {x) : C®{x)\ < \M(G)\ |V(G)|. □ 

The above bound shows that the section Cg(x)/Cq(x) depends on the size 
of J 2 (G), or, equivalently, from that of V(G) and M(G). This agrees with the 
homological sequences of (|1.2p . The following lemma deals with different aspects 
and correlates the tensor centralizers with the tensor degree. 

Lemma 2.2. Let x\, . . . , Xmq) be a system of representatives for the conjugacy 
classes of the group G. Then 
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Proof. The idea of [13j Proof of Lemma 2.2] may be adapted here. Let Ci, . . . , Ck(G) 
be the conjugacy classes of G and Xi € d for i = 1, 2, . . . , fc(G). For every y £ Ci 
there exists a g & G such that y = x\. This implies |C®(y)| = |C®(xj)|, hence 

fc(G) fc(G) 
|G| 2 d®(G) = ]T = zZ 1^(^)1 = £ l G : C G (^)HC|(^)| 

i£G i=l i£C, i=l 

fc(G) 

= m£ 



We may compare commutativity and tensor degrees in the following way. 
Theorem 2.3. Let G be a group and p be the smallest prime divisor of \G\. 



d(G) \Z®(G)\ 



\J 2 (G)\ \G\ 



1 



1 



\MG)\ 



< d®(G) < d(G)- 



1 



l^(G)| 



□ 

Then 
(G)\ 



\G\ 



Proof. The idea of [T3J Proof of Theorem 2.3] may be applied, thanks to the prelim- 
inaries which we have done. Let x £ Z®(G). From Lemma |2"7TI \C® {x)\/\Ca{x)\ > 
1/| J 2 (G) | . From Lemma [2^21 and the equality d(G) = ^p-, we deduce 

k(G) 



d®(G) 
k{G) 



-y 

\Z®(G)\ 



C G {xi) 



GgOe,) 
1 



>±[\z W 



1 



|G| \J 2 (G)\ \G\ V \UG)\ 
Conversely, |G : C®(x)\ > p implies that 

k(G) 



C G (xi) 



< 



\Z®(G)\ 



C G {x l ) 

= d{G) - 



d(G) 

\MG)\ " |G| 

\Z(G)\ - \Z®(G)\ 



k(G) - \Z®{G)\ 

\MG)\ 
\Z®{G) 



1 - 



1 



\G\ i 
P-I f \Z{G)\ 
P \ 



\G\ 
\Z®(G)\ 



IGI 



MG)\, 

k(G) - \Z(G)\ 
\G\ 

□ 



Theorem 12.31 has analogies with |T3l Theorem 2.3]. On the other hand, the 
literature on M(G) is richer than the literature on J2(G) and it may be useful to 
rewrite the lower bound of Theorem 12.31 in the following way. 



Corollary 2.4. Let G be a group. Then 
d(G) \Z®{G)\ 



|M(G)||V(G)| 



|G| 



1 



\M(G)\\V(G)\ 



< d®(G). 



From [SJ Proposition 18], an abelian group G has trivial Z®{G). This means 



that the term 



\Z®(G) 



vanishes in the lower bound of Theorem 12.3 



J 2 (G) = G® G; d{G) 

Hence we have another interesting consequence of Theorem 12.3 



1; the term ^^tqt ^ becomes equal to ^jgj — - 



Corollary 2.5. An abelian group G satisfies 



Moreover, if \G\ 



oo, then < d®(G) < \. 



IGI-1 
|G||G®G| 



<d«(G)<i + ^. 
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The well-known notion of Schur cover, which can be found in [21 H], gives a 
condition of equality among the tensor degree and the commutativity degree. 

Proposition 2.6. Let G be a perfect group and G* be a Schur cover of G. Then 
d®{G) = d(G*). 

Proof. By the definition of Schur cover, there is an exact sequence 

in which A = M{G). From [4J Proposition 7] , we have a homomorphism £ : G®G — > 
G* given by (g) h) = [gi, hi] such that ir(gi) = g, ir(hi) = h. Since G ® G ~ G* 
by using [4j Corollary 1], we have 

]{(<?, h)EGxG\g®h= 1 GS9G }||M(G)| = \{(gi, hi) e G* x G* \ [ 9l , h{\ = 1}|, 

as required. □ 

Another fundamental relation among d(G), d A (G) and <i®(G) is listed below. 

Theorem 2.7. Let G be a group. Then d®(G) < d A (G) < d{G). 

Proof. d A (G) < d(G) follows from [13] Theorem 2.3]. Let x (£ Z®{G). We have 
g £ Gq(x) if and only if g A x = Igag if ancl only if (g ® x)V(G) = V(G) if and 
only if p ig) x G V(G). This condition is weaker than the condition g <g> x = Ig^iG, 
characterizing the elements of Cq(x). Then C®(x) C Cq(x) C Gg(x). From this 
fact, Lemma T2. 2 1 and [13l Lemma 2.2], we conclude 

fe(G) 



fe(G) 



G G (xj) 



G G (xO 



< 



1 



|G| ^ 

1 1 2—1 



E 



C G (xi) 



C G {xi) 



c? A (G). 



□ 



From |13l Theorem 2.3] and Theorem 12. 71 G is unidegree, or rig/ii unidegree, 
if the upper bound d A (G) = d(G) is achieved. A group G is called unicentral if 
Z A (G) = Z(G). Unicentral groups have been studied in [2] and [Ml Corollary 
2.5] shows that right unidegree groups are unicentral. Now we say that G is left 
unidegree if the lower bound d®(G) = d(G) is achieved. Finally, G is said to be 
left and right unidegree if it is both left and right unidegree. By the concept of 
left unidegree introduced here, this condition and Theorem 2.7 imply that of right 
unidegree. A complete classification of groups, whose center is equal to its tensor 
center, is not available, to the best of our knowledge, against the classification of 
unicentral groups in [2]. 

Corollary 2.8. If G is left unidegree, then Z(G) — Z®(G). Furthermore, if G is 
left and right unidegree, then G is unicentral and Z(G) = Z®(G). 

Proof. If d®{G) = d(G), then Z(G) = Z®(G) by the upper bound in Theorem 
12.31 Furthemore, if d A (G) = d(G), then we apply [131 Corollary 2.5] and the result 
follows. □ 

3. Sharpening upper and lower bounds for the tensor degree 

The present section is devoted to improve the numerical restrictions on the tensor 
degree and to find relations among quotients and subgroups. [HI Proposition 2.6] 
has analogies in the context of the tensor degree. 
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Proposition 3.1. If N is a normal subgroup of a group G , thend®(G) < d®(G/N). 
The equality holds, if N C Z®{G). 

Proof. 

\G\"d^(G)^Y,\ c B^)\= E E 1^1(^)1 

i£G xNeG/N n£N 

= E E 1 ^^ 1 |cg(xn)njy|< £ 52\C® /N (xN)\\C§(xn)nN\ 

xNeG/N n£N ' ' xNeG/N n£N 

= E K/n( xN )\ E \C§(xn)nN\ 

xNeG/N n€N 

<W\ 2 E \CB /N (xN)\ = \G\ 2 d®(G/N). 

xNeG/N 

For each central subgroup N of G, [4, Proposition 9] ensures the exactness of 

the sequence (G <g> N) x (N <g> G)^G <g> G^U{G/N) ® (G/N) — > 1 for suitable 
homomorphisms a and /3. This is our case. Furthermore, if N C Z®(G), then 
Im a = 1 G8G and G/N ® G/N ~ G <g> G so that d®(G) = d®{G/N). □ 

The next corollary explains better the conditions of equality in Proposition 13. II 

Corollary 3.2. Let N be a normal subgroup of a group G. Then the following 
statements are equivalent: 

(i) N C Z®(G); 

(ii) d®(G) = d®(G/N); 
(hi) G®G^G/N ®G/N. 

Proof, (i) implies (ii) by Proposition 13.11 Conversely, d®(G) — d®(G/N) implies 
that N C G§(x) for all x e G, then N C Z®(G). Finally, the equivalency of (ii) 
and (hi) are obtained directly from [5j Proposition 16]. □ 

The next result is going to improve the upper bound in Theorem 12.31 

Proposition 3.3. Let G be a group, p the smallest prime divisor of \G\ and x $ 
Z(G) such that Gf(x) ^ C G (x). Then 

d-(G)<d(G)-(l-^^-^^- 1 
~ J \ 1^1 

\Z(G)\ 



V) V \G\ 

In particular, if Z®{G) = I, then d®{G) < d{G) - ( 1 - ± 



|G| ' 

Proof. We may apply the same argument, which has been used to prove the upper 
bound of Theorem 12.31 The first inequality may be specified as 

^^ J^(G)I , 1 ( \Z{G)\-\Z®{G)\ \ 1 k(G)-\Z(G)\-l 

d {g) -^gt + p{ w\ ) + pW\ + m 

=^(( 1 -^)w Gf )l + (;- 1 ) l ^ G)l+ ^ +Af(G) - 1 

= «-(i 

The rest is clear and the result follows. □ 



ON THE TENSOR DEGREE OF FINITE GROUPS 



7 



The extremal case of Z®(G) = 1 is described by the next result and has analogies 
with [13l Theorem 2.8]. There are also analogies for the commutativity degree in 

is sua mesa. 

Theorem 3.4. Let G be a nonabelian group with Z®(G) = 1 and p be the smallest 
prime dividing \G\. Then d®(G) < i. 

Proof. First we claim that, if Z(G) PI G' ^ 1, then there exists an x Z(G) such 
that C®{x) ^ C G (x). Assume that Cf (a) = C G (ar) for all x <£ Z(G). Since 
Z(G) C f| C|(x)andG"C f| C|(a?), we have G' n Z(G) C Z®(G). This 

£c£Z(G) igZ(G) 

implies Z[G) n G" = 1, which is a contradiction. The hrst claim follows. 

The second claim is that d(G) < ^ + ^1 — ij . Arguing as in Theorem l2.3[ 

we find 

d(G) _ £ k^m < i nijffi + pi - if _ i + (. _ 

xeG I I p V |G| |G| J P \ PJ \°\ 

The third claim is that d(G) < |, provided G is nonabelian with Z(G) n G' = 1. 
This can be found in [T31 Proposition 2.7]. 

Now we may proceed to prove the result and there is no loss of generality to 
assume Z(Q) nG'^1, by the third claim and Theorem 12.71 Now the first and the 
second claims, combined with Proposition 13.31 imply 



d ^G)< m -(l-l)^<l + (l-l)^-(l-^ - 1 



P) \G\ ~p V P) \G\ V P) \G\ P 

□ 

4. Computations for elementary abelian and extraspecial ^-groups 

The present section is devoted to compute the tensor degree for some classes of 
p-groups, widely studied in literature. We follow the phylosophy of |15j , where the 
case of the exterior degree has been studied. As usual, C v ^ denotes the cyclic group 
of order p n . The tensor degree of elementary abelian p-groups is described by the 
next result. 

Proposition 4.1. If G ~ C p X . . . X C p = C p n ^ is the direct product ofn > 1 copies 
ofC p , thend®(G) = Z£^. 

Proof. We claim that Cq (x) = 1 for all nontrivial x e G. In our case, G (8) G is the 
usual abelian tensor product of two abelian groups. Then 

G®G~G<, n) <8>C< n > ~G<™ 2) . 

If we write G = (ai) x . . . (a n ), then G®G = J\™ =1 TYj=\{ a i® a i) so that ai<3aj / 1 
for all i 7^ j. Since Oj ® <Zj ^ 1 for all i = 1, . . . , n, we have C®(aj) = 1 for all 



1, . . . , n. Then 



rf ^ G ) = W E (*)l - 4 (?" + (P* -!)•!) = 



2p™ 



□ 
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The following p-groups have big sections which are elementary abelian and have 
interest in several areas of group theory. Let 

E 1 = (a, b, c | a? = b p = c p = 1, [a, c] = [b, c] = 1, [a, b] = c) 

be the extra-special p-group of order p 3 and of exponent p, 

D 2 n = C 2 „-i x C 2 = {a,b \ b 2 = a 2 "' 1 = 1, b^ab = a" 1 ) 

be the dihedral 2-group of order 2™ and 

Q 2 n =(a,b\b 2 = a 2n ~\b- x ab = a' 1 ) 

be the generalized quaternion 2-group of order 2 n . We note that Q 2 n /Z(Q 2 ,i) — 
D 2n /Z(D 2 n) ~ C { 2 ~ 1] for aU n > 1. 

Lemma 4.2. Lef if be an extraspecial p -group. Then Z®(H) = Z(H) = H', when 
H ^ Ei,Q 8 ,D 6 . Furthermore, Z®{E 1 ) = Z®(D S ) = Z®(Q 8 ) = 1. 

Proof. From GAP J7\, we have that Z®{E l ) = Z®(D 8 ) = Z®(Q S ) = 1. On the 
other hand, H is extraspecial, then H' = Z(H) ~ C p . Necessarily, we should have 
Z®{H) = H' = Z(H), when H ^ Ei,Q 8 ,D s . □ 

We are going to calculate the tensor degree for the groups in Lemma |4~21 

Theorem 4.3. Let p be a prime and m > 1. 

(i) d®(Q 2 ") = 2 "' 3+ 2 l"' 4+1 for alln>3 and d®(Q 8 ) = \ for n = 3. 

(ii) d®(£> 2 ») = 2— 3 +2 i — 4 +i y or ffl | ln>3 anrf d®(D 8 ) = ^ /or n = 3. 
(hi) d®(E 1 ) = 2 ^ 2 . 

(iv) Let H be an extra-special p -group of \H\ = p 2m+l and not isomorphic with 
E U Q 8 ,D 8 . Thend®(H) = %^. 

Proof, (i) . We need to have in mind the presentation of Q 2 n and some computations 
in [U Section 4] . Let a and b be two generators of Q2™ and 1 7^ a (g> b £ Q 2 n (g Q 2n . 
For alH > 1, [31 Equations 4.3 and 4.5] imply 

b <g a 1 = (b ® a)' (a (g> a)' (/_1) , a' (g) b = (a (g b) ! (a (g> a) /( ' _1) 
so that the condition 

b <g a' = (b <g a)' (a <g o) I(,_1 ) = (a <g b) ! (a ® a) 1 ^ =a l ®b 
is satished if and only if 

(b<ga) z = (a<gb) z 

for all Z > 1. This cannot happen, because [4, Equation at p. 190, line +10] implies 
(a(gb)' = 1 for all I > 1, and, in particular, a<gb = 1, which is a contradiction. We 
conclude that b ^ Cq 2 „ («') for any choice of I > 1. In a similar way, [4, Equations 
4.7 and 4.8] imply 

ba fc ® a 1 = (b ® a) z (a <g a)" 5 "^- 1 ) , a' ® ba fc = (a <g b) 1 (a ® a )«*+'(*-i) 

for all I, k > 1 and we find again ba fc <E>a l = a 1 <E)ba k if and only if (b(ga) = (a (gib)', 
which is a contradiction. Then ba fe Cg 2tl (a ) for all l,k> 1. We conclude that 
Cg 2ii (a') is formed only by powers of a. Now an explicit computation (or looking 
at [H Equation 4.5]) shows that only even powers of a commute with a 2k+1 with 
respect to <g>. Then C§ n (a 2k+1 ) = (a 2 ) and Cg n {a 2k ) = (a). Furthermore, for 
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alH = 0, 1, 2, . . . , 2™ 1 we may also deduce Cq 2 „ {a l b) = 1, after all we have said. 
Then 

= i (2" + 2- 2 |( fl 2 )| + (2- 2 - 1)| (a) \ + (2"" 1 - 1) • 1 + 1) 
1 (l n + 2"~ 2 • 2™~ 2 + (2"~ 2 - 1) • 2"" 1 + 2™" 1 



2" \ 2™ 

_ 4 + 2 n ~ 2 + 2(2"~ 2 - 1) + 2 _ 2"~ 3 + 2™- 4 + 1 
2«+2 2™ 

The case n = 3, that is, Qs can be solved by using GAP [17| and shows d®(Qs) = |- 
(ii). Exactly the same argument of (i) may be applied for D 2 n when n > 3 and 

we find d®(.D 2 ») = d®{Q 2 ~) (see [4, Section 4]). Similarly, GAP Q7] allows us to 

conclude d®(D%) = ^ in case n = 3. 

(hi). From GAP [T7], or by a direct computation, one can see that E\® E\ ~ 

Cp 6 -*. Thus pQ Proposition 3.5] implies 

E 1 ! (gj ^ = ( a ® a) x (a ® 6) x (a ® c) x (b ® c) x (6 ® a) x (6 ig) 6). 

Applying (TJ Proposition 3.5] again, we get for all 1 < i < p that Cg i (c t ) = c % and 
for all x € Ei — {1, c, c 2 , . . . , c^ 1 } that Cf x (x) = 1. Then 



1 



p J + \c%(c)\ + icf^c 2 )! + . . . + 1^^- 1 )! + (p d - P ) 



V 



(p— 1) —times 



i , , \ , , 2p 2 + p - 2 
-(p 3 + (p- i)p + P 3 - P ) = — f — . 



p" p" 

(iv). From Proposition 13.11 we note that the tensor degree of a group is the 
same if we factorize through its tensor center. This and Lemma 1431 imply d®(H) = 
d®(H/Z®{H)) = d®{H/H'). Since H/H' ~ cf m) , 

2p m - 1 



d®{H)=d®{H/H') = 



□ 



It is instructive to compare the results of the present section with some of [6l |9j 
UniHTl EH ED- We wil1 confirm not only Theorems EM O and EM but will verify 
that exterior degree, tensor degree and commutativity degree are different group 
invariants. To conveniece of the reader, we have appended a list below. 



Corollary 4.4. The following inequalities are true 



(i) d^(E 1 ) = d^{E 1 ) = ^^±; d{E{) = In particular, 
d®(Ei) < d A (Ei) < d(Ei) are proper for all primes p>2. 

(ii) d®(g 2 n) = 2 "' 3 + 2 ;' 4 + 1 and 2^+2 = d A (Q 2 „) = d{Q 2 n) for all n > 3. 
Moreover, d®(Qs) — \ and | = d A (Qs) — d(Qs) in case n — 3. In 
particular, d®(Q 2 ") < d A (Q 2 ^) = d(Q 2 ») for all n > 3. 
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(iii) d®{D 2 n) = 2 "' 3 + 2 2 ;' 4+1 and d A {D 2n ) = d{D 2n ) = for all n > 3. 
Moreover, d®(Ds) = and d A (D$) = d(Dg) = | in case n — 3. In 
particular, d®(D 2 n) < d A (ZV) = d(D 2 n) for alln>3. 

(iv) d®(C$ n) ) = 2gz_L ; rfA^W) = d ( C W) = 1. / n parfzcu/ar, 

(Cp™') < d A {Cp 1 ^) < d(Cp n ^) are proper for all n > 1 and /or a/Z primes 
P > 2. 

Proof, (i). See Theorem S3] (ii) , [13 Theorem 2.2], and Theorem A], (ii) and 
(iii). See Theorem [O] (i) , |H Examples 3.1 and 3.2], QTJ Remark 4.2]. (iv). See 
Proposition 14. 1 1 and [13l Example 3.3]. □ 
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